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THE EULER NUMBER OF A C∗-INVARIANT SUBVARIETY IN
Pn
WENCHUAN HU
Abstract. In this note we show that the Euler number of a projective variety
C∗-equivariantly embedded into a projective space Pn is bounded by n+1, as
conjectured by Carrell and Sommese.
1. Introduction
If X is a smooth complex projective variety admitting C∗-action, then the topo-
logical information of X can be recovered from that of the fixed point set (see [F],
[B-B], [CS1], etc.).
The point is that there exists a Morse-Bott function on X whose critical points
are exactly the fixed components of the action. It has been shown by Blanchard
that any projective manifold X admitting a C∗-action with nonempty fixed point
set admits an equivariant projective embedding. If X ⊂ Pn is C∗-equivariantly
embedding and if X is contained in no C∗-invariant hyperplane of Pn, then there
is a Morse-Bott function f on Pn satisfying f(Pn) = f(X) (see [CS2]), but it is not
true that X meets every component of (Pn)C
∗
. One of such examples is the d-uple
Veroese embedding of Pm → P(
m+d
d
)−1. A natural question is whether there is a
clear relation between the Euler number of X and Pn.
In this note we show the following result holds.
Theorem 1. Let X be a smooth connected complex projective variety admitting a
C∗-action. If XC
∗
is finite and X is equivariantly embedded in Pn, then
χ(X) ≤ χ(Pn),
where χ denotes the Euler number.
This was conjectured by Carrell and Sommese [CS2, p.572]. We also show by
examples that if XC
∗
is not isolated or Pn is replaced by a complex projective
variety M , then the conclusion in Theorem 1 fails.
Remark 2. Let X be given in Theorem 1. Then the lower bound of X is dimCX+1
since the odd Betti numbers of X vanishes and all the even Betti numbers are
positive. The equality of the lower bound is reached for complex projective spaces.
2. Equivariant embedded into projective spaces
Let Pn be the complex projective space of dimension n and let X be a complex
projective variety. A C∗-action on a complex projective variety X means that
there is a holomorphic map µ : C∗×X → X such that µ(1, x) = x and µ(t1t2, x) =
µ(t1, µ(t2, x)) for all t1, t2 ∈ C∗ and x ∈ X . It is well known that any holomorphic
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action of C∗ on Pn arise through a 1-parameter subgroup λ : C∗ → PGL(n,C).
Hence up to a projective transformation, a C∗ action on Pn is of the form
(1) λ · [z0 : z1 :, ..., zn] = [λ
a0z0 : λ
a1z1 :, ..., λ
anzn],
where a0, a1, ..., an are integers satisfying a0 ≤ a1 ≤ ... ≤ an (cf. [C]).
Suppose that X is embedded equivariantly in Pn, where the action of C∗ on Pn
is given by Equation (1). Let XC
∗
be the set of fixed points under the action of C∗.
Lemma 3. One has XC
∗
⊂ (Pn)C
∗
.
Proof. It follows from the assumption that X is equivariantly embedded in Pn. If
x ∈ X is a point such that λ · x : µ(λ, x) = x for all λ ∈ C∗, then x is a fixed point
of the action and so x ∈ (Pn)C
∗
. 
By the same reason, if X and M are smooth projective varieties admitting C∗-
actions and X is C∗ equivariantly embedded in M , then we have the following
result.
Corollary 4. Let X be C∗ equivariantly embedded in M . If MC
∗
is finite, then
χ(X) ≤ χ(M).
Proof. Since XC
∗
⊂ MC
∗
, we have #XC
∗
≤ #MC
∗
. By the fixed point theorem,
we have χ(X) = #XC
∗
and χ(M) = #MC
∗
. This completes the proof of the
Corollary. 
Lemma 5. Let µ : C∗ × Cn → Cn be the action given by µ(λ, (z1, ..., zn)) =
(z1, ..., zk, λ
ak+1zk+1, ..., λ
anzn)), where k ≥ 1 and ai 6= 0 for all i = k + 1, ..., n.
Suppose that U ⊂ Cn is an irreducible affine variety equivariantly embedded in Cn.
Then the fixed point set UC
∗
is irreducible. In particular, if UC
∗
is nonempty and
finite, then UC
∗
contains exact one point.
Proof. It follows from a direct calculation that the fixed point set of the C∗ action on
Cn is Ck ⊂ Cn, spanned by the first k-vector e1, ..., ek, where ei = (0, ..0, 1, 0, ..., 0)
and 1 is at the i-th position. This gives us an identification Cn ∼= Ck × Cn−k,
where Ck is identified with the fixed point set of the action and Cn−k is identified
with (Cn)p := {z ∈ Cn| limλ→0 λ · (z1, .., zn) = (z1, ..., zk, 0, ..., 0)}, where p =
(z1, ..., zk, 0, ..., 0) ∈ (Cn)C
∗ ∼= Ck. We denote by π : Cn → Ck the composed
morphism Cn ∼= Ck × Cn−k
pr1
−→ Ck.
Since U is equivariantly embedded in Cn, we have UC
∗
⊂ (Cn)C
∗
. At each
p ∈ UC
∗
, the set
Up = {z ∈ U | lim
λ→0
λ · z = p}
is contained in (Cn)p.
The restriction of the morphism π on U gives us a surjective morphism π|U :
U → UC
∗
whose fiber is Up. By assumption, U is irreducible, we obtain that U
C
∗
is
irreducible since a surjective morphism between quasi-projective varieties preserves
irreducibility. 
Set p0 = [1 : 0 : ... : 0], p1 = [0 : 1 : ... : 0], ..., pn = [0 : 0 : ... : 1]. It is clear to
see that p0, p1, ..., pn are fixed points of the action since
λ · pi = [0 : ...0 : λ
ai : 0 : ... : 0] = pi.
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Let F1, ..., Fr be the connected components of (Pn)C
∗
. A general result says that
each Fi is a smooth projective subvariety (see [F], [B-B]). Moreover, in this case,
each Fi is a linear projective subspace of Pn. Let F
+
i = {x ∈ P
n| limλ→0 λ ·x ∈ Fi},
then F+i is a vector bundle over Fi(see [B-B]).
Fix a hyperplane Pm ⊂ Pm+1 and a point p ∈ Pm+1 − Pm. For an algebraic set
V ⊂ Pm, the algebraic suspension of V with vertex p (i.e., cone over V ) is the set
ΣpV := ∪{l | l is a projective line through P0 and intersects V }.
Proposition 6. Let X be a smooth connected projective variety C∗ equivariantly
embedded in Pn and assume that the C∗ action on Pn is of the form
λ · [z0 : z1 :, ..., zn] = [λ
a0z0 : λ
a1z1 :, ..., λ
anzn],
where a0, a1, ..., an are integers satisfying a0 ≤ a1 ≤ ... ≤ an. Suppose that XC
∗
is finite and let F1, ..., Fr be the connected component of (Pn)C
∗
for all 1 ≤ i ≤ r.
Then #(X ∩ F1) ≤ dimF1 + 1, where F1 is spanned by p0, ..., pk.
Proof. Suppose #(X ∩ F1) > dimF1 + 1 where dimF1 = k.
First we assume that the points X ∩ F1 are in general positions in F1 in the
sense that F1 is linearly spanned by the points X ∩ F1. Then one can make a
suitable projective transformation σ of Pn such that σ keeps Fi fixed for 2 ≤ i ≤ r
and keeps F1 invariant. Moreover, σ moves points in X ∩ F1 to p0, ..., pk. Clearly,
σ(X) admits a C∗-action and it is C∗-equivariantly embedded into Pn. Since σ(X)
is isomorphic to X , χ(σ(X)) = χ(X). Hence we can assume that p0, ..., pk are in
X ∩ F1.
Now we consider the projection prn : Pn − pn → Pn−1 away from the point pn.
Set Xn := prn(X).
Claim: The image Xn admits C∗-action with finite fixed points and the embed-
ding Xn ⊂ Pn−1 is C∗-equivariant.
Proof of the Claim. For λ ∈ C∗ and p ∈ X ⊂ Pn, we write p = [z0 : ... : zn] and
λ · p = [λa0z0 : ... : λ
anzn] ∈ X since X is C∗-invariant. Then
prn(λ · p) = prn([λa0z0 : ... : λanzn])
= [λa0z0 : ... : λ
an−1zn−1]
= λ · ([z0 : ... : zn−1])
= λ · prn([z0 : ... : zn])
= λ · prn(p),
i.e., the projection prn commutes with the C∗-action. This implies that Xn admits
C∗-action induced from Pn−1. That is, Xn is C∗-equivariantly embedded in Pn−1.
For each q ∈ XC
∗
n , the projective line lqpn := qpn connecting q to pn is C
∗-
invariant. Since X is also C∗-invariant, the intersection lqpn ∩ X is C
∗-invariant.
So if lqpn does not lie in X , then lqpn ∩ X is a finite point set and each point in
lqpn ∩X is a fixed point on X . This shows that there is a map f : X
C
∗
n → S(X
C
∗
),
where S(XC
∗
) denotes the set of all subsets of XC
∗
. Moreover, if q, q′ ∈ Xn and
q 6= q′, then lqpn ∩ lq′pn = pn. That is, (lqpn − pn) ∩ (lq′pn − pn) = ∅. This shows
that the map f is injective. So the set {q ∈ XC
∗
n |lqpn * X} is finite since X
C
∗
is. If lqpn does lie in X , then q ∈ X and so q ∈ X
C
∗
. Since XC
∗
is a finite set,
{q ∈ XC
∗
n |lqpn ⊂ X} ⊂ X
C
∗
is finite. In summary, XC
∗
n is finite. This completes
the proof of the Claim. 
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Now we can keep projecting away from points pn−1, ..., pm+2, where m = dimX .
Let Xm+2 be the image of X after projections away from pn, pn−1, ..., pm+2. From
the Claim, we know Xm+2 admits C∗-action with finite fixed points and the embed-
ding Xm+2 ⊂ Pm+1 is C∗-equivariant irreducible hypersuface. Clearly, pj ∈ Xm+2
for 0 ≤ j ≤ k since pj is fixed under the projections for 0 ≤ j ≤ k.
On one hand, since F1 is fixed under the C∗-action and Xm+2 is C∗-invariant,
F1 ∩ Xm+2 is fixed under C∗-action. So we have F1 ∩ Xm+2 ⊂ XC
∗
m+2. It has
been shown in the Claim that XC
∗
m+2 is finite. On the other hand, one has 0 =
dim(F1 ∩ Xm+2) ≥ dimF1 + dimXm+2 − (m + 1) = k − 1 since dimF1 = k.
Therefore, we get k ≤ 1.
If k = 0, then dimF1 = 0 and the Proposition is trivial.
If k = 1, then F1 is a projective line . For any l ⊂ Pm+1, if l * Xm+2, then
l ·Xm+2 = degXm+2. Now we consider the case that F1 is a projective line in Pn.
Since F1 a C∗-fixed, F1 * Xm+2.
Suppose the conclusion in the Proposition fails, that is, F1 ∩Xm+2 contains at
least dimF1 + 2 = 3 points. Let q0 ∈ (Pm+1)C
∗
− F1 be a point whose existence
is clear unless (Pm+1)C
∗
= F1. This is not possible since (Pn)C
∗
is not connected
unless the action of C∗ is trivial.
For any p ∈ F1, lq0p is C
∗ invariant. Moreover, by the reason of degree, lq0p ∩
Xm+2 contains at least one point p
′ ∈ XC
∗
m+2 but p
′ 6= q0 or p. Since lq0p ∩ lq0q =
q0 for any pair p, q ∈ F1, this contradicts to the fact that XC
∗
m+2 is finite. The
contradiction comes from the hypothesis that #(X ∩ F1) > dimF1 + 1. Therefore
#(X ∩ F1) ≤ dimF1 + 1.
Now we consider the case that X ∩ F1 is not of general positions. Since XC
∗
⊂
(Pn)C
∗
and X ∩ F1 ⊂ F1, we denote by F ′1 ⊂ F1 a linear projective subspace of
minimal dimension containing X ∩F1. Set k′ = dimF ′1. Then the above arguments
are applied to F ′1, we get #(X ∩ F
′
1) ≤ dimF
′
1 + 1. Since #(X ∩ F
′
1) = #(X ∩ F1)
and dimF ′1 < dimF1, we obtain that #(X ∩ F1) ≤ dimF1 +1. This completes the
proof of proposition. 
Now we will show Theorem 1 below.
Proof of Theorem 1. The Lefschetz fixed point theorem says that if Y is a complex
projective variety admitting a C∗ action with the fixed point set Y C
∗
, then one has
χ(Y ) = χ(Y C
∗
).
Since X is a smooth connected projective variety C∗ equivariantly embedded in
Pn such that XC
∗
is finite and let F1, ..., Fr be the connected component of (Pn)C
∗
.
From Proposition 6, we have #(X ∩ F1) ≤ dimF1 + 1. Since F
+
1 is an algebraic
vector bundle over F1, which is a linear k-plane in Pn, one has Pn − F
+
1
∼= Pm,
wherem = n−k−1. Note that F2, ..., Fr are the fixed component of the induced C∗
action on Pm. By induction hypothesis, we have χ(X ∩Pm) ≤ m+1 = n−k. Since
XC
∗
= ∪ri=1X∩Fi, we get χ(X) = χ(X∩F
+
1 )+χ(X∩P
m) ≤ (k+1)+(n−k) = n+1
by Proposition 6 and the induction hypothesis. That is, we have χ(X) ≤ n+1. 
Remark 7. From the proof of Theorem 1, we observe that the smoothness of X
can be replaced by the irreducibility of X.
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3. Examples
In this section we will deal with examples. For some examples, the assumption
in Theorem 1 are satisfied, while for others the assumptions are not satisfied.
Example 8 (Segre embedding). Consider the Segre embedding
s : Pm × Pn → P(m+1)(n+1)−1
([x0 : ... : xm], [y0 : ... : yn]) 7→ [x0y0 : ... : xiyj : ... : xmyn].
Let X := s(Pm × Pn) be the image of s.
The C∗-action on Pm×Pn is given by λ, ([x0 : ... : xm], [y0 : ... : yn]) 7→ ([λa0x0 :
... : λamxm], [λ
b0y0 : ... : λ
bnyn]), where ai are different from each for all 0 ≤ i ≤ m
and bj are different from each for all 0 ≤ j ≤ n. The C∗-action on P(m+1)(n+1)−1
is given by (λ, [zij ]) 7→ [λaibjzij ]. In this case X admits a C∗-action with isolated
fixed point. Clearly, χ(X) = χ(Pm × Pn) = (m+ 1)(n+ 1) = χ(P(m+1)(n+1)−1).
Example 9 (Veronese embedding). Consider the Veronese embedding
v : Pn → P(
n+1
d
)−1
([x0 : ... : xd]) 7→ [x
d
0 : ... : x
i0
0 · · ·x
in
n : ... : x
d
n],
where i0 + ... + in = d. The C∗-action on P(
n+1
d
)−1 is given by (λ, [zI ]) 7→ [λaI zI ],
where I = (i0, ..., in) is the multiple index. If aI are different from each other for
I = (d, 0, ..., 0), (0, d, ..., 0), ..., (0, ..., 0, d), then the induced C∗ action on X := v(Pn)
is C∗-equivariantly embedded in P(
n+1
d
)−1. Moreover, the fixed point set XC
∗
is
finite. Clearly, χ(X) = χ(Pn) = n+ 1 < χ(P(
n+1
d
)−1) = (n+1d ).
Example 10 (Plu¨cker embedding). The Plu¨cker embedding is the map ι defined
by
ι : G(k,Cn)→ P(∧kCn)
span(v1, . . . , vk) 7→ C(v1 ∧ · · · ∧ vk)
where G(k,Cn) is the Grassmannian, i.e., the space of all k-dimensional sub-
spaces of the n-dimensional complex vector space Cn. Let C∗ act on Cn is given
by (λ, (x1, ..., xn)) 7→ (λx1, ..., λnxn) and we simply denote it λ · x, where x =
(x1, ..., xn) ∈ Cn.
The C∗-action on P(∧kCn) is given by (λ,C(v1 ∧ · · · ∧ vk)) 7→ C(λ · v1 ∧ · · · ∧
λ · vk)). The fixed point set of this action on P(∧kCn) consists of k-dimensional
coordinate planes, i.e.,k-planes spanned by ei = (0, ..., 0, 1, 0, ..., 0), where 1 is at the
i-th position. The number of such planes in P(∧kCn) is exactly (n+1k+1 ). Moveover,
all of such planes lie in G(k,Cn). Therefore, χ(G(k,Cn)) = (n+1k+1) = χ(P(∧
kCn)).
The following example shows that the finiteness of XC
∗
is necessary.
Example 11. Let Y ⊂ P3 be a smooth surface of degree d ≥ 3. Consider the Segre
embedding
S : P3 × P1 → P7,
([z0 : ... : z3], [s : t]) 7→ [sz0 : ... : sz3 : tz0 : ... : tz3].
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Let X be the image of Y × P1 under the Segre embedding and let the C∗ action
φλ on P7 is given by
Φ : C∗ × P7 → P7, (λ, [y0 : ... : y7]) 7→ [y0 : ... : y3 : λy4 : ... : λy7],
where φλ(−) = Φ(λ,−). Then χ(X) > χ(P7).
Proof. The fixed point set (P7)C
∗
of the action φ is F0 ∪ F1, where
F0 = {(y0 = y1 = y2 = y3 = 0)}
and
F1 = {(y4 = y5 = y6 = y7 = 0)},
each of them is isomorphic to the projective space P3. Let Ψ be the C∗-action
on P1 given by Ψ(λ, [s : t]) = [s : λt] and set ψλ(−) = Ψ(λ,−). Note that φλ
preserves X since φλ(S(z, µ)) = S(z, ψλ(µ)). To see this, let z = [z0 : ...z3] ∈ P3
and µ = [s : t] ∈ P1, then we have
Φ(λ, S([z0 : ...z3], [s : t])) = Φ(λ, [sz0 : ... : sz3 : tz0 : ... : tz3]
= [sz0 : ... : sz3 : λtz0 : ... : λtz3])
= S([z0 : ...z3], [s : λt])
= S([z0 : ...z3], ψλ([s : t])).
Hence Φ induces a C∗ action on X which is denoted by Φ|X . The fixed point set
XC
∗
of Φ|X is the intersection of X and (P7)C
∗
, which is (F0 ∩X)∪ (F1 ∩X). Note
that both F0 ∩X and F1 ∩X are isomorphic to Y and (F0 ∩X) ∩ (F1 ∩X) = ∅.
Note that
(2) χ(P7) = 8,
while
(3)
χ(X) = χ(Y × P1) = 2χ(Y )
= 2d(6− 4d+ d2).
Therefore, if d ≥ 3, then χ(X) ≥ χ(P7). 
Now we consider the relation of Euler numbers for a smooth complex projective
variety C∗ equivariantly embedded into another smooth complex projective variety.
Let X ⊂ M be a C∗ equivariantly embedding. If M is not the projective space,
then the following simple example shows that even if XC
∗
is finite, one still has
χ(X) > χ(M).
Example 12. Let C be a smooth elliptic curve and let M := C×P1 be the product
of C and P1. Let µ : C∗ ×M →M be the action given by
µ(λ, (c, [z0 : z1] = (c, [z0 : λz1]).
Fix a point c0 ∈ C and let X := P1 →֒M be given by [z0 : z1] 7→ (c0, [z0 : z1] Then
P1 is C∗ equivariantly embedding in M and χ(M) = 0 < 2 = χ(P1). Moreover, the
fixed point set of P1 contains two points [1 : 0] and [0 : 1].
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